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It is known that the charged lepton masses obey to high precision an interesting empirical relation (Koide
relation). In turn, the light neutrino masses cannot obey such a relation. We note that if neutrinos acquire
their mass via the seesaw mechanism, the empirical mass relation could hold for the masses in the Dirac
and/or heavy Majorana mass matrix. Examples for the phenomenological consequences are provided. We
furthermore modify the mass relation for light neutrino masses including their Majorana phases, and
show that it can be fulﬁlled in this case as well, with interesting predictions for neutrinoless double beta
decay.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
The experimentally measured charged-lepton masses reveal
that they obey the following empirical mass relation (Koide re-
lation) [1,2]
K = me +mμ +mτ
(
√
me + √mμ + √mτ )2 
2
3
(1)
with remarkable precision, i.e., the above relation is correct to
O(10−5). A number of authors have tried to understand Eq. (1)
based on possible ﬂavor symmetries and phenomenological con-
jectures [3–14].
One may wonder whether a similar mass relation exists for
other fermions. Numerical analysis has shown that neither the up-
quark masses, down-quark masses nor the light neutrino masses
could satisfy such an empirical relation, even if the renormaliza-
tion group (RG) running effects are taken into account [15,16].
Consider for illustration the charged leptons and ignore the small
ratios me/mτ ,
√
me/mτ and mμ/mτ in Eq. (1). One approximately
obtains
K  1
1+ 2√mμ/mτ . (2)
By using the pole masses of charged leptons given in Particle
Data Group [17], one can estimate that
√
mμ/mτ  0.25, which
roughly yields K = 2/3. Obviously, if the mass of the lightest par-
ticle can be neglected, the empirical relation relies on the mass
ratio between the two heavier masses. In the extreme case of
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second heaviest and the heaviest mass is very small, one has
K → 1. This is the case for the up- and down-quarks, for which
the values Kup  0.89 and Kdown  0.75 apply (both evaluated at
MZ = 91.2 GeV [18]). The other extreme limit applies when the
mass spectrum is nearly degenerate, in which case K → 1/3. In
this sense, the empirical mass relation Eq. (1) appears interest-
ingly exactly in the middle of all its possible values.1 One can
understand also why light neutrinos cannot obey the empirical re-
lation. If they are quasi-degenerate, Kν  13 , and if they obey a
normal hierarchical spectrum,
Kν  1
1+ 2 4
√
m2/m2A
 0.55, (3)
where m2 and m2A are the solar and atmospheric mass-squared
differences.
We now extend the expression in Eq. (1) for arbitrary three
masses, mx , my and mz , i.e.,
K ≡ mx +my +mz
(
√
mx + √my + √mz )2 =
1+ 1 + 2
(1+ √1 + √2 )2 , (4)
where 1 = mx/mz and 2 = my/mz . The allowed range of K is
shown in Fig. 1. We have in particular indicated the values of 1
and 2, which give K = 23 . One can read from the plot that the
minimum value K = 1/3 appears at the position 1 = 2 = 1, while
the maximum value K = 1 is obtained for 1 = 2 = 0. In addition,
if 1 (2) is vanishing, a lower bound K  1/2 can be achieved for
2 = 1 (1 = 1).
1 For N fermion generations the range would be between 1 and 1/N , with a
central value of (N + 1)/2N .
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blue curves on the 1–2 plane indicate K = 1/2 and K = 2/3, respectively. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this Letter.)
Since the quark ﬂavors are mixed through the CKM mixing
matrix, which in general involves both up- and down-quark ro-
tations, a more general quark mass relation relies on the ﬂavor
mixing parameters. In particular, if the ﬂavor mixing effects are
taken into account (e.g., if the mass is replaced with a ‘weight-
ed’ mass mi → mα ≡∑i Uαimi), a universal mass relation could
be obtained for both quarks and leptons. See Ref. [9] for a detailed
discussion of this approach.
We will focus on the application of the mass relation to the
neutrinos in the rest of the Letter. As mentioned above, their
mass spectrum is not hierarchical enough to reproduce the em-
pirical relation, and 1/3  Kν  3/5 typically holds, regardless of
the neutrino mass ordering [16]. However, we would like to note
here that if neutrinos are Majorana particles their mass presum-
ably originates from the seesaw mechanism [19–22], i.e., the light
neutrino masses appear as a combination of Dirac and Majorana
mass terms:
mν = MDM−1R MTD. (5)
In this case, it is not surprising that the empirical mass rela-
tion does not directly apply to neutrino masses. Instead, it is
much more natural to assume that the relation is fulﬁlled in MD
and/or MR. Therefore, in this Letter we will extend the empiri-
cal mass relation to the seesaw framework, and study some of
the phenomenological consequences resulting from this hypothe-
sis. Another crucial aspect of Majorana neutrinos is the presence
of Majorana phases, and we will also modify the empirical relation
taking this into account. It is shown that the relation can work in
this case as well.
The rest of the Letter is organized as follows: In Section 2,
we introduce the seesaw extended mass relation, and describe
four typical scenarios, in which very distinctive predictions on the
light and heavy neutrino mass spectrum can be gained. The phe-
nomenological consequences of these four scenarios are ﬁgured
out, and the parameter spaces are illustrated. In Section 3, we
generalize the empirical mass relation by including contributions
from CP-violating phases, and present the constraints on the Majo-
rana phases as well as the light neutrino masses. In particular, we
present the predictions on the effective mass relevant for neutri-
noless double beta decay. Finally, in Section 4, we summarize our
work and state our conclusions.
2. Mass relation in the seesawmodel
Up to now, we have outlined the general idea of the present
Letter, namely to apply the empirical mass relation to the neutri-nos by making use of the seesaw mechanism. Now we need to be
more speciﬁc in order to obtain predictive and concrete results of
this Ansatz.
Without loss of generality, one can always work in a basis in
which the right-handed neutrino Majorana mass matrix is diag-
onal, i.e., MR = diag(M1,M2,M3) with Mi (for i = 1,2,3) being
the masses of right-handed neutrinos. If lepton mixing stems en-
tirely from the charged lepton sector, as possible in ﬂavor sym-
metry models, the Dirac mass term MD is diagonal, i.e., MD =
diag(D1, D2, D3). This is a strong assumption, but very helpful for
illustrating the point we wish to make in this note. We remark
that in seesaw models the lepton ﬂavor mixing depends on the
ﬂavor conﬁgurations in both the charged-lepton and neutrino sec-
tors. Therefore, it is very well possible that ﬂavor mixing stems
from the charged lepton sector, while both MD and MR are diago-
nal. This is quite relevant in certain ﬂavor symmetry models with
both left-handed lepton doublets and right-handed neutrinos be-
ing assigned to the same representation of the symmetry group.
In the seesaw mechanism the neutrino mass generation involves
two sources (MD and MR). Hence it is possible and makes sense
to attempt the application of the Koide relation to the neutrinos
without taking the mixing matrix elements into account. We will
comment later on the most general case.
With our assumptions, the light neutrino masses are simply
given by
mi = D2i /Mi . (6)
We stress again that though the empirical relation is shown to be
not compatible with the light neutrino masses, the exact relation
may exist in the mass matrices MD and/or MR. We will discuss in
what follows 4 different cases.
2.1. Case I
Assumptions: The empirical relation exist in MR whereas MD is
an identity matrix, i.e., Di = D0.
In this limit, the right-handed neutrino masses are proportional
to the inverse of the light neutrino masses. A hierarchical mass
spectrum of right-handed neutrinos can be achieved if one of the
light neutrino masses is extremely small. For example, in the nor-
mal hierarchy case m1 m2 m3, one obtains
KR  1
1+ 2√m1/m2 + 2√m1/m3 , (7)
which gives KR  2/3 if m1/m2  0.03. In the inverted hierarchy
case one has m3 m1 <m2, and
KR  1
1+ 4√m3/m2 , (8)
can be expected. The empirical relation requires m3/m2  0.016.
We show in the upper plot of Fig. 2 the dependence of KR
on the lightest neutrino mass in case I. In the numerical com-
putations, we make use of the values of neutrino mass-squared
differences from a global-ﬁt of current neutrino oscillation experi-
ment [23], and allow them to vary in their 1σ interval. In addition,
the dotted line indicates the exact empirical relation, i.e., KR = 2/3.
One directly ﬁnds that the empirical relation in right-handed neu-
trino masses can be achieved for m1  2.5×10−4 eV in the normal
hierarchy case and m3  8×10−4 eV in the inverted hierarchy case.
These numerical results are in good agreement with the analytical
results.
2.2. Case II
Assumptions: The empirical relation exists in MD whereas MR is
an identity matrix, i.e., Mi = M0.
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trino mass in case I (case II). The red lines correspond to the normal mass hierarchy,
while the blue lines to the inverted hierarchy. The dotted line corresponds to the
exact empirical mass relation KR(KD) = 2/3. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the web version of this Letter.)
According to Eq. (6), one has Di ∼ √mi indicating that the hi-
erarchy of Di is milder than the light neutrino masses. Therefore,
the empirical relation cannot hold, and this case is then ruled out.
In the lower plot of Fig. 2, we show the value of KD with re-
spect to the lightest neutrino mass in case II. The maximum value
of KD cannot exceed 0.5, indicating that case II is incompatible
with the experimental data.
2.3. Case III
Assumptions: Both MD and MR fulﬁll the empirical relation.
In this case, we have in total six free parameters in MD and MR,
out of which ﬁve can be ﬁxed by using Eqs. (1) and (6). One can
freely choose one of the parameters, e.g., M1, since the absolute
mass scale of right-handed neutrinos cannot be determined from
the empirical relation. The light neutrino masses are constrained
by the relation, and we will show in what follows that a nearly
degenerate spectrum is unfavorable.
In our numerical analysis of case III, we ﬁx the mass of one
right-handed neutrino, namely, we take M1 = 109 GeV in the nor-
mal hierarchy case and M3 = 109 GeV in the inverted hierarchy
case. Then, the other two right-handed neutrino masses can be
determined from the empirical relation and Eq. (6) for a given
set of light neutrino masses. The allowed ratios between right-
handed neutrino masses are shown in Fig. 3 for both the normal
and inverted hierarchies. One reads from the plots that there exist
stringent upper bounds on the light neutrino masses, i.e., the mass
of the lightest neutrino cannot exceed 4 × 10−3 eV. Furthermore,
M2 lies below M1 and M3 in the inverted hierarchy case, whereas,
in the normal hierarchy case, there exists a ﬂip between M2 andFig. 3. Ratios of heavy right-handed neutrino masses in case III for normal hierarchy
(upper plot) and inverted hierarchy (lower plot). The red and green lines correspond
to the allowed ranges of M2/M1 and M3/M1, respectively. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of
this Letter.)
M3 for m1 ∼ 1.5 × 10−4 eV. A simple estimate shows that, at the
ﬂip point, M2/M1 = M3/M1  0.015. We stress that the results for
this case do not depend on the chosen value of M1.
2.4. Case IV
Assumptions: The eigenvalues of MD are the same as the
charged-lepton masses me , mμ and mτ , respectively, whereas MR
remains unconstrained.
Such a special structure of MD could arise in some grand uniﬁ-
cation theories. In this case, the right-handed neutrino masses can
be directly obtained according to Eq. (6) once the light neutrino
masses are chosen.
The predicted right-handed neutrino masses in case IV are illus-
trated in Fig. 4. In both the normal and inverted hierarchy cases,
the right-handed neutrinos possess a hierarchical spectrum with
M1  M2  M3. The mass of lightest right-handed neutrino M1
could be located around the TeV scale well within the scope of
current colliders, while the heaviest right-handed neutrino mass
M3 is greater than 109 GeV.
3. Variation of the empirical relation
As shown above, the pure light neutrino masses cannot fulﬁll
the empirical mass relation. However, due to the Majorana nature
of light neutrinos, the deviation of light neutrino masses from the
empirical relations might be viewed as the effects of non-vanishing
Majorana phases. In this sense, it is worth investigating a variation
of the empirical relation, in which Majorana CP-violating phases
are included, i.e.,
W. Rodejohann, H. Zhang / Physics Letters B 698 (2011) 152–156 155Fig. 4. Heavy right-handed neutrino masses in case IV for normal hierarchy (upper
plot) and inverted hierarchy (lower plot). The red, green and blue lines correspond
to the allowed ranges of M1, M2 and M3, respectively. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of
this Letter.)
K˜ν =
∣∣∣∣
m1 +m2eiφ1 +m3eiφ2(√
m1 + √m2ei
φ1
2 + √m3ei
φ2
2
)2
∣∣∣∣. (9)
Allowing φ1 and φ2 to vary between 0 and 2π , K˜ν = 2/3 can be
easily achieved, since there are two more free parameters entering
the relation.2 In particular, K˜ν could be larger than 1 or close to
zero if there exists strong cancellation in the denominator or nom-
inator, which is quite relevant in the case of a nearly degenerate
light neutrino mass spectrum.
3.1. Constraints on the Majorana phases
The allowed parameter spaces of φ1 and φ2 required for K˜ν =
2/3 are shown in Fig. 5. We see that the two Majorana phases are
constrained by the empirical relation, e.g., φ1 = φ2 = 0 is unfavored
in both hierarchies. In the nearly degenerate limit, the correlation
between φ1 and φ2 is basically the same for normal and inverted
ordering, since in the limit m1 m2 m3,
K˜ν 
∣∣∣∣
1+ eiφ1 + eiφ2
(
1+ ei φ12 + ei φ22 )2
∣∣∣∣, (10)
holds for both cases.
2 We have been made aware that on the website http://brannenworks.com/
MASSES2.pdf, maintained by C. Brannen, a Koide relation for neutrinos has been
proposed, which includes a minus sign for
√
m1. This would correspond in our
Eq. (9) to φ1 = φ2 = 2π .Fig. 5. The allowed parameter spaces of φ1 and φ2 for normal hierarchy (upper plot)
and inverted hierarchy (lower plot). The red, green, blue and black lines in the plot
correspond to the lightest mass m1(m3) = 0,0.02 eV, and 0.2 eV, respectively. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this Letter.)
In case of a normal and hierarchical mass spectrum, K˜ν turns
out to be only sensitive to the phase difference φ = φ2 − φ1, and
according to the plot φ should be very close to −π . This can be
understood from Eq. (9) which, in the limit m1 ∼ 0, can be reduced
to
K˜ν 
∣∣∣∣
1+ r2eiφ
1+ 2rei φ2 + r2eiφ
∣∣∣∣, (11)
where r = √m2/m3  0.4, and φ = φ1 − φ2. Taking φ = −π , one
can estimate that K˜ν  0.7, roughly in agreement with the empir-
ical relation.
An interesting result is found for the inverted hierarchy (m2 
m1 
m3). One has no dependence on φ2, and ﬁnds
K˜ν 
∣∣∣∣
1+ eiφ1
1+ 2ei φ12 + eiφ1
∣∣∣∣. (12)
This expression gives K˜ν = 23 for a phase which corresponds to
cosφ1/2= − 25 .
3.2. Neutrinoless double beta decay
Since the Majorana nature of neutrinos is aimed to be revealed
in future neutrinoless double decay experiments, there is a need to
address some comments on the connection between the empirical
mass relation and the neutrinoless double beta decay process, in
which the decay amplitude is proportional to
156 W. Rodejohann, H. Zhang / Physics Letters B 698 (2011) 152–156Fig. 6. The allowed range of the effective mass mee as a function of the lightest neu-
trino mass in the normal hierarchy (red line) and inverted hierarchy (green line) at
1σ C.L. with K˜ν = 2/3 being satisﬁed. The dashed lines correspond to the parame-
ter range without assuming K˜ν = 2/3. (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this Letter.)
mee =
∣∣∣
∑
V 2eimi
∣∣∣
= ∣∣|Ve1|2m1 + |Ve2|2eiφ1m2 + |Ve3|2eiφ2m3
∣∣. (13)
Here the leptonic ﬂavor mixing matrix V is given by Ve1 =
cos θ12 cos θ13, Ve2 = sin θ12 cos θ13, and Ve3 = sin θ13, with θi j be-
ing the lepton mixing angles. We illustrate in Fig. 6 the constraints
on mee when K˜ν = 2/3 is satisﬁed. In the normal hierarchy case,
the predicted mee almost saturates all of the experimentally al-
lowed range for m1  1 eV. However, in the inverted hierarchy
case, the allowed range of mee shrinks a lot if m3  0.01 eV. This is
a consequence of Eq. (12), and the value sin2 φ1/2 = 2125 following
from the requirement K˜ν = 23 . Inserting this phase in the expres-
sion for the effective mass, whose general value is
mee = cos2 θ13
√
m2A
√
1− sin2 2θ12 sin2 φ1/2,
which gives the remarkable result
mee = 1
5
cos2 θ13
√
m2A
√
25− 21 sin2 2θ12. (14)
This ﬁxes the effective mass to about 0.025 eV, with little de-
pendence on the oscillation parameters. One should compare this
value with the general lower and upper limits of 0.017 and
0.05 eV, respectively.
4. Conclusion
In this work we have added several new points regarding the
properties of an empirical mass relation (Koide relation), which
frequently is discussed in the literature.
We ﬁrst extended the empirical mass relation of charged lep-
tons to the neutrino sector. We then noted that if light neutrinos
acquire their mass via the seesaw mechanism, it is not surprising
that they fail to obey the empirical relation. Instead, we applied
the relation to the Dirac and/or heavy Majorana mass matrix. Weillustrated the consequences for neutrino masses in a simpliﬁed
seesaw framework by assuming all lepton mixing to stem from
the charged lepton sector, and analyzed four typical scenarios re-
alizing the empirical relation in different ways. Furthermore, we
generalized the empirical mass relation with Majorana phases be-
ing included and found that in case of an inverted hierarchy mass
spectrum, the effective mass is strongly constrained. The relevant
Majorana phase is ﬁxed and a value of about mee  0.025 eV ex-
ists, being a factor of 1.5 larger than the general lower bound.
Let us remark here that in a more general seesaw framework,
there will be much more free parameters entering the expression
of MD, and there are in principle enough degrees of freedom to re-
produce the empirical relation in both MD and MR for any choice
of light neutrino masses. In addition, thermal leptogenesis cannot
work in our simpliﬁed framework even if ﬂavor effects are taken
into account. Note that the empirical mass relation discussed in
this work could be re-scaled up to a higher and more fundamen-
tal scale, i.e., the grand uniﬁcation scale, by using RG equations.
However, as shown in Ref. [16], the fermion mass ratios tend to
be very stable against radiative corrections even in the supersym-
metric model with a large tanβ . If there are intermediate scales in
the RG evolution, the running fermion masses could be modiﬁed
by the threshold effects, in particular for neutrinos. Such a study
could be done in a model-dependent manner and lies beyond the
scope of current work.
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